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Some Relevant Literature

Anand and Khetarpal (2015) use a biophysical simulation model to examine the effects of changes
in surface air temperatures on wheat yield per hectare.

Nastis et al (2012) use OLS and a CRS production function to estimate the effects of changes in
temperature and precipitation on land productivity.

Ortiz-Bobea et al (2020) use a simple regression model to estimate the effects of changes in
temperature and precipitation on a Törnqvist TFP index.

Salim and Islam (2010) use a vector error correction model to estimate the effects of changes in
rainfall on a Törnqvist TFP index.

Hughes et al (2011) use a stochastic production frontier model to construct a climate effects
index, which they then use to deflate a Fisher TFP index.

Sabasi and Shumway (2018) use an SUR model to estimate the effects of changes in temperature
and precipitation on an Lowe TFP index and DEA estimates of its components.

Njuki et al (2018a) and Njuki et al (2018b) use stochastic production frontier models to estimate
the effects of changes in temperature and precipitation on mulltiplicative TFP indexes.
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This Paper

The basic premise of this paper is that changes in weather and climate affect agricultural inputs and
outputs (and therefore TFP) in two ways: (1) realisations of weather variables affect the outputs that
can be produced using predetermined inputs, and (2) expectations about weather and climate variables
affect the input and planned output choices of managers.

The paper is divided into three sections:

1 Defining (Changes in) TFP

2 Measuring Changes in TFP

3 Explaining Changes in TFP
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1. DEFINING (CHANGES IN) TFP

Jorgenson and Griliches (1967, REStud): ”The rate of growth of total factor productivity is
defined as the difference between the rate of growth of real product and the rate of growth of real
factor input” (p.250).

Schreyer (2001) “Productivity is commonly defined as a ratio of a volume measure of output to a
volume measure of input use . . . there is no disagreement on this general notion” (p.11)

Hughes et al (2011) “[TFP] is simply the ratio of total or aggregate output to total or aggregate
input . . . It is primarily concerned with the quantities of outputs and inputs” (p.6)

O’Donnell (2018)“. . . measures of productivity change are defined as measures of output quantity
change divided by measures of input quantity change”(p.11).
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2. MEASURING CHANGES IN TFP

Computing measures of output and input quantity change (and therefore TFP change) involves
assigning numbers to baskets of outputs and inputs. Measurement theory says that so-called index
numbers must be assigned in such a way that the relationships between the numbers mirror the
relationships between the baskets.
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Quantity Index Numbers

Chained Implicit
Basket Contents Lowe Fisher Fisher EKS EKS

A ? 1 1 1 1 1

B ? 1.141 2.984 1.491 1.491

D ? 1.720 1.854 2.115 2.115

E ? 2 15.744 1.870 1.870

EKS = Elteto-Koves-Szulc
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Quantity Index Numbers

Chained Implicit
Basket Contents Lowe Fisher Fisher EKS EKS

A 1 1 1 1 1

B 2.034 1.604 1.604 1.675 1.675

D ? 2.330 3.684 2.297 2.297

E 2 2 2.739 1.987 1.987

0.483 × 1 + 0.512 × 3 = 2.034; these weights imply that oranges are 0.512/0.483 − 1 = 7.1% more valuable than apples
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Quantity Index Numbers

https://www.agriculture.gov.au/abares/research-topics/productivity/measuring-productivity
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Quantity Index Numbers

STATISTICS«
ISBN 92-64-18737-5
92 2001 12 1 P

STATISTICS

www.oecd.org
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Measuring Productivity – OECD Manual 
Measurement of Aggregate and Industry-level
Productivity Growth

Measures of productivity growth constitute core indicators for the analysis of economic
growth. However, there are many different approaches to productivity measurement and
their calculation and interpretation requires careful consideration, in particular when
undertaking international comparisons. The Measuring Productivity OECD Manual is the
first comprehensive guide to the various productivity measures aimed at statisticians,
researchers and analysts involved in constructing industry-level productivity indicators.

This manual presents the theoretical foundations to productivity measurement, and 
discusses implementation and measurement issues. The text is accompanied by 
empirical examples from OECD countries and by numerical examples to enhance its 
readability. The Manual also offers a brief discussion of the interpretation and use 
of productivity measures. 

Related Publication 
This manual provides a link with Measuring Capital – OECD manual.
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Measuring 
Productivity

OECD Manual
MEASUREMENT OF AGGREGATE 

AND INDUSTRY-LEVEL 

PRODUCTIVITY GROWTH

All OECD books and periodicals are now available on line

www.SourceOECD.org

“[The] economics literature as well as the SNA93 are quite unanimous in this respect: for
inter-temporal comparisons, changes over longer periods should be obtained by chaining: i.e., by
linking the year-to-year-movements” (Schreyer, 2001, p.83)
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Quantity Index Numbers

The Economic Journal, 92 (March I982), 73-86 
Printed in Great Britain 

MULTILATERAL COMPARISONS 
OF OUTPUT, INPUT, AND PRODUCTIVITY 
USING SUPERLATIVE INDEX NUMBERS* 

Douglas W. Caves, Laurits R. Christensen and W. Erwin Diewert 

Early in this century economists began to give serious attention to making 
comparisons using index number techniques. There was extensive debate as to 
which index number formulas were the most appropriate for carrying out 
comparisons.1 The debate was extensive in no small part due to the lack of 
agreement as to criteria for preferring one formula over another. In recent 
decades there has been a resurgence of interest in index numbers, resulting from 
discoveries that the properties of index numbers can be directly related to the 
properties of the underlying aggregator functions that they represent. The 
underlying functions - production functions, utility functions, etc. - are the 
building blocks of economic theory, and the study of relationships between these 
functions and index number formulas has been referred to by Samuelson and 
Swamy (I974) as the economic theory of index numbers.2 

A key development in the economic theory of index numbers has been the 
demonstration that numerous index number formulas can be explicitly derived 
from particular aggregator functions. This development provides a powerful new 
basis for selecting an index number procedure. Rather than starting the selection 
process with a number of plausible index number formulas, one can specify an 
aggregator function with desirable properties and derive the corresponding 
index number procedure. The resulting index is termed exact for that particular 
aggregator function. Diewert (I976) makes a strong case for limiting the con- 
sideration of aggregator functions to those which are flexible, i.e. those which can 
provide a second order approximation to an arbitrary aggregator function. He 
has termed index numbers that are exact for flexible aggregator functions 
'superlative '. 

There are two superlative index numbers that are of particular interest - the 
Fisher Ideal index and the Tornqvist-Theil-translog index. Fisher (I 922) dubbed 
the following index Ideal since it best satisfied his several criteria for choosing 
among index numbers: 

Ikl == {[ISi(Zkil4iz)]l[lSli(Zci/l4i)]} (I 
where Sli and Skj are value share weights for the two economic entities or time 
periods being compared, and the Zi are the corresponding prices or quantities. 
This index is widely known as the geometric mean of the Laspeyres and Paasche 

* This research has been supported in part by the National Science Foundation. Dale Jorgenson 
provided helpful comments on a previous draft of this paper. 

I Ruggles (I967) provides an interesting brief survey with extensive references. 
2 See Diewert (1979) for a recent survey of the economic theory of index numbers. 

[ 73 ] 

”[Our] indexes provide transitive multilateral comparisons that maintain a high degree of
characteristicity. . . . The superlative multilateral indexes that we have proposed are very attractive for
cross section comparisons and for panel data comparisons, but they are not necessarily preferable to
chain-linked bilateral indexes for time series comparisons.” (Caves et al, 1982, p. 84)
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Quantity Index Numbers

https://www.ers.usda.gov/data-products/agricultural-productivity-in-the-us/methods/
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Proper Quantity Indexes

In O’Donnell (2016, 2018), an output quantity index that compares qit with qks is defined as any
variable of the form

QI (qks , qit) = Q(qit)/Q(qks)

where Q(.) is any nonnegative, nondecreasing, linearly-homogeneous, scalar-valued aggregator
function. If outputs are positive, then all indexes of this type satisfy a set of basic axioms listed in
O’Donnell (2016, 2018) (e.g., proportionality, transitivity). An output index is said to be proper if and
only if it satisfies all of these axioms.

The same ideas carry over to input quantity indexes.

All proper quantity index numbers are consistent with measurement theory. The class of proper
quantity indexes includes various additive, multiplicative, primal, dual and benefit-of-the doubt indexes.
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Quantity Index Numbers

Basket Contents Lowe AEW MEW GY MOLS BOD

A 1 1 1 1 1 1

B 2.034 2 1.732 1.812 1.627 2.2

D 2.034 2 1.732 1.812 1.627 2.2

E 2 2 2 2 2 2

AEW = additive with equal weights; MEW = multiplicative with equal weights; GY = geometric Young;

MOLS = multiplicative with OLS weights; BOD = benefit-of-the-doubt.
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Proper TFP Indexes

In O’Donnell (2016, 2018), a total factor productivity (TFP) index is said to be proper if and only if it
can be written as the ratio of a proper output quantity index divided by a proper input quantity index.
This paper measures output and input change (and therefore TFP change) using a multiplicative index.
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Multiplicative TFP Indexes

Multiplicative output and input indexes are constructed using aggregator functions of the form

Q(qit) ∝
N∏

n=1

qan
nit and X (xit) ∝

M∏
m=1

xbm
xit (1)

where a1, . . . , aN are any nonnegative output weights that sum to one and b1, . . . , bM are any
nonnegative input weights that sum to one. The associated index that compares the TFP of firm i in
period t with the TFP of firm k in period s is

TFPIM(xks , qks , xit , qit) ≡
N∏

n=1

(
qnit
qnks

)an M∏
m=1

(
xmks

xmit

)bm

. (2)

Special cases include the GDF-based index defined by Silva Portela and Thanassoulis (2006, Eq. 4)
and the geometric Young (GY) index defined by O’Donnell (2016, Eq. 5).
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TFP Change in US Agriculture

USDA farm production data

48 states

44 years from 1961 to 2004

qit = (livestock, crops, other outputs)’

xit = (capital, land, labour, materials)’

a = r̄ = (0.463, 0.484, 0.043)’ (⇒ GY index)

b = s̄ = (0.132, 0.095, 0.264, 0.509)’ (⇒ GY index)
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TFP Change in Alabama Agriculture (AL 1961 = 1)
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TFP Change in US Agriculture in 1961 (AL 1961 = 1)
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3. EXPLAINING CHANGES IN TFP

To explain changes in productivity, we need to explain changes in output and input quantities.
Economists have many behavioural models that can be used for this purpose.

This paper considers a behavioural model that accounts for weather uncertainty (i.e., uncertainty
about day-to-day atmospheric conditions), climate uncertainty (i.e., uncertainty about average
atmospheric conditions over a long period of time) and output price uncertainty.
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Maximising Expected Profit

Assume that inputs and outputs are chosen/determined in two steps:

1. At the beginning of the production period, the managers of price-taking firms choose (variable)
inputs and planned outputs to maximise expected profits in the face of uncertainty about output
prices and one or more characteristics of the production environment (e.g., rainfall).

2. After inputs have been chosen and characteristics of the production environment have been
realised, managers seek to maximise the outputs that can be obtained using their chosen inputs in
their given production environment.
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Explaining Changes in TFP

If Step 2 is true, then the relationship between outputs, inputs and environmental variables can be
written in the form

lnQ(qit) = αi +
H∑

h=1

λhdhit +
J∑

j=1

δj ln zjit +
M∑

m=1

βm ln xmit + vit − uit (3)

where αi is an unobserved fixed effect that accounts for nonstochastic time-invariant characteristics of
the production environment (e.g., topography), dhit is a function of t that allows for different rates of
technical progress in different decades, zjit is an exogenous characteristic of the production
environment (e.g., rainfall), xmit is a predetermined input, vit represents functional form errors and
other sources of statistical noise, and uit denotes an output-oriented technical inefficiency effect.
Equation (3) is a stochastic frontier model in which the explanatory variables are exogenous.
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Explaining Changes in TFP

After some simple algebra, equation (3) can be rewritten as

Q(qit)
M∏

m=1

x−bm
mit = exp

(
αi +

H∑
h=1

λhdhit

)[
J∏

j=1

z
δj
jit

][
M∏

m=1

xβm−bm
mit

]
exp(−uit) exp(vit). (4)

A similar equation holds for firm k in period s. Dividing one equation by the other yields:

TFPIM(xks , qks , xit , qit) =
exp(

∑H
h=1 λhdhit)

exp(
∑H

h=1 λhdhks)

[
exp(αi )

exp(αk)

J∏
j=1

(
zjit
zjks

)δj][ M∏
m=1

(
xmit

xmks

)βm−bm
]

×
[

exp(−uit)
exp(−uks)

] [
exp(vit)

exp(vks)

]
. (5)

The first term on the right would normally be viewed as an output-oriented technology index (OTI),
the second term would normally be viewed as an output-oriented environment index (OEI), the third
term would normally be viewed as an output-oriented scale-and-mix efficiency index (OSMEI), the next
term is an output-oriented technical efficiency index (OTEI), and the last term is a statistical noise
index (SNI).
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TFP Change in US Agriculture

USDA farm production data

48 states

44 years from 1961 to 2004

Q(qit) = GY aggregate output

xit = (capital, land, labour, materials)’

zit = (dd830, dd30, precipitation)’

assume vit is an independent N(0, σ2
v ) random variable

assume uit is an independent N+(0, σ2
u) random variable
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Parameter Estimates

Coef. Variable ML Bayes

α1 AL 1.969∗∗ 1.926
: : : :
α48 WY 1.627∗ 1.603

λ1 t in the 60s 0.005∗∗∗ 0.005
λ2 t in the 70s 0.003 0.004
λ3 t in the 80s 0.023∗∗∗ 0.023
λ4 t in the 90s 0.007∗∗ 0.007
λ5 t in the 00s 0.009 0.009

β1 capital 0.153∗∗∗ 0.154
β2 land 0.011 0.002
β3 labour 0.105∗∗∗ 0.111
β4 materials 0.580∗∗∗ 0.574

δ1 dd830 0.002 0.020
δ2 dd30 -0.016∗∗∗ -0.017
δ3 precipitation 0.006 0.000

∗∗∗ , ∗∗ , ∗ indicate significance at 1%, 5%, 10% level.
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TFP Change in US Agriculture (AL 1961 = 1)

TFPI OTI OEI OSMEI OTEI SNI

AL 1961 1 1 1 1 1 1
AR 1961 0.985 1 1.332 0.960 0.923 0.834
AZ 1961 1.316 1 1.246 1.074 0.994 0.990
CA 1961 1.400 1 2.118 0.818 0.936 0.863
CO 1961 0.993 1 1.064 1.028 0.984 0.922

: : : : : : : :
AL 2004 1.776 1.516 0.973 1.326 0.976 0.931
AR 2004 2.490 1.516 1.301 1.208 1.005 1.040
AZ 2004 2.460 1.516 1.246 1.265 0.998 1.031
CA 2004 2.873 1.516 2.080 0.920 0.997 0.993
CO 2004 1.844 1.516 1.032 1.225 0.988 0.973
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TFP Change in Alabama Agriculture (AL 1961 = 1)

⇒ the effects of changes in weather on TFP have been relatively small.
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Explaining Changes in OSME

If Step 1 is true, then the m-th input demand function can be written in the form

xmit = exp(αmi + λmt)
J∏

j=1

(
zejit
)δmj

N∏
n=1

(pe
nit)

φmn

M∏
h=1

wξmh
hit exp(emit) (6)

where αmi is an unobserved fixed effect that accounts for nonstochastic time-invariant characteristics
of the production environment (e.g., topography), zejit is the expected value of the j-th environmental
variable, pe

nit is the n-th expected output price, wkit is an input price, and emit represents allocative
inefficiency and statistical noise. Thus, the OSME component in (5) can be written as

M∏
m=1

(
xmit

xmks

)βm−bm

=
M∏

m=1

[
exp(λmt)

exp(λms)

](βm−bm) M∏
m=1

 exp(αmi )

exp(αmk)

J∏
j=1

(
zejit
zejks

)δmj
(βm−bm)

×
M∏

m=1

N∏
n=1

[
pe
nit

pe
nks

]φmn(βm−bm) M∏
m=1

M∏
h=1

[
whit

whks

]ξmh(βm−bm) M∏
m=1

[
exp(emit)

exp(emks)

](βm−bm)

.

The terms on the right-hand side are a technology index (TI), an expected environment index (EEI),
an expected output price index (EPI), an input price index (WI), and an allocative efficiency and
statistical noise index (AESNI).
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OSME Change in US Agriculture (AL 1961 = 1)

pe
it = pi,t−1 = lagged GY output price index

zeit = average of zi,t−1, . . . , zi,t−10

assume emit is an independent N(0, σ2
m) random variable
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OLS Parameter Estimates

Qty of Qty of Qty of Qty of
Coef. Variable capital land labour materials

αm1 AL 25.816∗∗∗ 11.863∗∗∗ 13.246∗∗∗ 21.697∗∗∗

: : : : : :
αm48 WY 23.506∗∗∗ 12.890∗∗∗ 12.309∗∗∗ 19.527∗∗∗

λm t -0.006∗∗∗ -0.007∗∗∗ -0.010∗∗∗ 0.011∗∗∗

φm E(output price) -0.071 0.243∗∗∗ -0.195∗∗∗ 0.047

ξm1 price of capital -0.230∗∗∗ 0.230∗∗∗ 0.187∗∗∗ 0.027
ξm2 price of land 0.143∗∗∗ -0.124∗∗∗ -0.159∗∗∗ -0.039∗∗∗

ξm3 price of labour -0.161∗∗∗ 0.016∗ -0.243∗∗∗ 0.009
ξm4 price of materials 0.318∗∗∗ -0.120∗∗∗ 0.410∗∗∗ -0.044

δm1 E(dd830) -1.532∗∗∗ 0.093 0.052 -0.904∗∗∗

δm2 E(dd30) -0.121∗∗∗ -0.066∗∗∗ -0.008 -0.142∗∗∗

δm3 E(precipitation) -0.192∗∗∗ 0.256∗∗∗ 0.125 -0.074

∗∗∗ , ∗∗ , ∗ indicate significance at 1%, 5%, 10% level.
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Bayesian Parameter Estimates

Qty of Qty of Qty of Qty of
Coef. Variable capital land labour materials

αm1 AL 25.920 11.733 13.163 20.962
: : : : : :
αm48 WY 23.563 12.834 12.209 19.114

λm t -0.005 -0.005 -0.008 -0.000

φm E(output price) 0.017 0.003 0.015 0.005

ξm1 price of capital -0.249 0.167 0.143 0.165
ξm2 price of land 0.144 -0.119 -0.157 0.025
ξm3 price of labour -0.169 0.006 -0.257 0.120
ξm4 price of materials 0.257 -0.057 0.255 -0.315

δm1 E(dd830) -1.541 0.076 0.058 -0.795
δm2 E(dd30) -0.116 -0.057 -0.008 -0.131
δm3 E(precipitation) -0.227 0.318 0.113 0.047
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OSME Change in US Agriculture (AL 1961 = 1)

OSMEI TI EEI EPI WI AESNI

AL 1961 1 1 1 1 1 1
AR 1961 0.960 1 0.978 1 1.020 0.963
AZ 1961 1.074 1 1.049 1 1.032 0.991
CA 1961 0.818 1 0.859 1 1.074 0.887
CO 1961 1.028 1 1.030 1 1.034 0.966

: : : : : : : :
AL 2004 1.326 1.066 1.004 0.998 1.187 1.046
AR 2004 1.208 1.066 0.976 0.998 1.179 0.987
AZ 2004 1.265 1.066 1.054 0.998 1.143 0.987
CA 2004 0.920 1.066 0.853 0.998 1.182 0.858
CO 2004 1.225 1.066 1.024 0.998 1.155 0.974
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OSME Change in Alabama Agriculture (AL 1961 = 1)

⇒ the effects of expectations about weather (i.e., climate change) on OSME have been relatively small.
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CONCLUSION

The first step in productivity analysis is to define exactly what is meant by the term productivity.
If productivity is defined as a measure of output quantity divided by a measure of input quantity,
then we cannot measure changes in productivity using conventional indexes (e.g., Fisher,
Törnqvist, EKS, CCD). The class of proper indexes includes various additive, multiplicative,
primal and dual indexes.

If productivity is defined as a measure of output quantity divided by a measure of input quantity,
then explaining changes in productivity involves explaining changes in output and input quantities.
Economists have many models that can be used for this purpose.

Changes in weather and climate affect agricultural inputs and outputs (and therefore productivity)
in two ways: (1) realisations of weather variables affect the outputs that can be produced using
predetermined inputs, and (2) expectations about weather and climate variables affect the input
and planned output choices of managers.

The empirical work in this paper is illustrative. More work could be done on the data (e.g,,
measures of intra-seasonal variations in temperature and precipitation) and the SFA model (e.g.,
more flexible functional form) to reduce the amount of statistical noise.
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Read Ch. 3 for more details on proper (and improper) index numbers. Read Section 8.5.2 for more
details on using stochastic frontier models to decompose proper TFP indexes. The book can be
downloaded for free through libraries that subscribe to SpringerLink.
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